Introduction.
It is well known that any function from a finite field into itself can be represented by a polynomial with coefficients in the field. More precisely, if the field is of order q, then the function is represented by a unique polynomial of degree less than q. Conversely, any field with the property that any function from the field into itself can be represented by a polynomial with coefficients in the field, is necessarily finite [14] . It has been proved recently [1] , [16] that if a ring R with identity has the property that any function from R into itself can be represented by a generalized polynomial, then R is isomorphic to the matric ring (GF(q)) n , for some prime power q and some n > 1. As customary, we denote by GF(q) the finite field of order q. By a generalized polynomial is meant a sum of multinomials of the form 9 the sets A t are nonvacuous and (1.3) ƒ(*/)-«% (6,E4;i-l,2,...,*).
For example, for the function ƒ (x) = x q~l , we have k = 2, a x = 0, a 2 = 1, A x = {0}, A 2 = {a\a G F , a ^ 0}. On the other hand, for the function f(x) = x q~2 , k = q and each A t consists of a single element. Thus x q~2 is a permutation function. Clearly, for any permutation function, the number of sets A t in the partition (1.1) is equal to q.
We can generalize the above in the following way. Let ( f(x,y) G F q [x, y] such that | 1 (otherwise). We shall say that the polynomial f(x, y) characterizes the correspondence T induced by the partitions (1.4); the integer k is called the rank of the correspondence.
A polynomial h(x, y) G F q [x,y] is said to be admissible for the correspondence T defined by (1.4 
) if it satisfies
h(a, b) -0 (a G 4, 6 G 2?" 1 < i < k), T^ 0 (otherwise).
A polynomial is admissible if it is admissible for some correspondence. It follows at once that if h(x 9 y) is admissible for T then (1.8) f{x 9 y)-(h(x,y))<-1 satisfies (1.6). It is to be understood that (1.8) asserts that the two functions are equal; the precise relationship between the polynomials is f(x 9 y) = (h(x 9 y)Y' 1 (x q -x 9 y q -x).
As an example of an admissible polynomial consider h(x 9 y) = x q~x -y q~\
It is easily verified that k = 2, A 0 = B 0 = 0, A x = B x = {0}, A 2 = B 2 = F q \{0}.
As a second example, the polynomial h(x 9 y) = 1 -x q y q is also admissible. In this example k = 1, A 0 = B 0 = {0}, ^j = 5j = F^ \ {0}.
As example of a polynomial that is not admissible (for any correspondence) we cite (1.9) h(x 9 y) = xy.
A basic problem is to characterize all admissible polynomials. This is apparently a difficult problem. For example consider correspondences of rank k = q 9 so that each of the sets A v . . ., A q9 B v . . . , B q consists of a single element, while A 09 B 0 are vacuous. An admissible polynomial for this correspondence is evidently h x (x 9 y) = y -\p(x) 9 where \l/(x) denotes some permutation polynomial. Another admissible polynomial for the same correspondence is given by h 2 (x 9 y) = x -\p~l(y), where \p~l denotes the inverse of the permutation defined by \p.
is admissible for some correspondence. Conversely, given any correspondence of rank ¥= q -1, it has been proved that there exists an admissible polynomial of the form (1.10). For rank q -1, however, an admissible polynomial of this type does not exist when A 0 =£ 0, B 0 ^ 0; this is, in fact, the only exceptional case. The definition of a correspondence can be extended in several directions. In the first place, instead of (1-4), we may consider the three partitions of F q : 
The polynomial ƒ (x 9 y 9 z) is said to characterize the correspondence defined by (1.11) .
A polynomial h(x 9 y, z) E F q [x 9 y 9 z] is admissible for the correspondence defined by (1.11) 
It follows that h(x, y 9 z) is admissible for the correspondence defined by (1.11) if and only if 0-15) (h(x 9 y 9 z)yl -f(x 9 y 9 z) 9 where f(x 9 y 9 z) satisfies (1.13).
For brevity the correspondence defined by (1.4) may be called a (1, 1) correspondence, the correspondence defined by (1.11) a (1, 1, 1) correspondence. In either case k is the rank of the correspondence.
In the next place let F™ denote the direct product of m copies of F q . Consider the partitions
where 0-17) A l9 ... 9 A k9 B l9 ... 9 B k are nonvacuous while A 0 , B 0 are arbitrary. There exists a polynomial f(x 9 y) E F q [x 9 y], where x = (x" . . ., x m ) 9 y = (y l9 ... 9 
. The polynomial ƒ (x, y) is said to characterize the correspondence defined by (1.16). The correspondence defined by (1.16) may be called an (m 9 n) correspondence.
A polynomial h(x 9 y) E F q [x 9 y] is admissible* for the correspondence defined by (1.17) provided
(otherwise). Hence, h(x 9 y) is admissible for the correspondence (1.16) if and only if
It is evident how the notion of correspondence can be extended to r-fold partitions:
A correspondence defined in this way may be called an (m,, m 2 , . . ., ra r ) correspondence. Characteristic and admissible polynomials are defined in the obvious way. The object of the present paper is to discuss some basic properties of correspondences. For the most part we shall confine ourselves to (1, 1) correspondences. Also we shall usually state results without proof. For fuller details the reader is referred to [2] 
.
It follows that ƒ (x 9 y) = 1 -g(x 9 y) satisfies (2.4). We have already defined characteristic and admissible polynomials. We now state a few properties of admissible polynomials that follow immediately from the definition. In the first place, as stated in the Introduction, h(x 9 y) is admissible for the correspondence (2.3) if and only if (h(x 9 y)) q~x = f(x 9 y) 9 where f(x 9 y) satisfies (2.4).
If h(x 9 y) is admissible for some correspondence T, and g(x 9 y) is a are all admissible. It should be pointed out that we are using the terms function and polynomial
is short for f(x) s g(x) (mod ;c* -x). Similarly, for polynomials in several variables, the statement f(x, y) = g(x 9 y) is short for ƒ(*> y) = g(*> >0 (mod x* -x, .y* -.y). A convenient form for the polynomial characterizing the correspondence (2.3) is given by the following theorem. 
Some examples, (i) If g(x)
is an arbitrary polynomial in F q [x] , then h(x,y) ** g(x) -y is admissible for some correspondence. For let c l9 . . ., c k denote the range of g(x) and put (ii) The polynomial h(x 9 y) = x 2 -y 2 is admissible. We may assume q odd. (xi) h(x 9 y) = 1 is admissible for the correspondence of rank 0 defined by (xii) xy + 1, xy -1 are admissible polynomials; however, for # odd, the sum is not. Thus the sum of two admissible polynomials need not be admissible.
Normal forms.
In general, there are numerous admissible polynomials for any given correspondence. The following theorem describes a normal form that can be found for rank k < q -1. 
is the desired polynomial. 2. Let ^4 0 = ^0 = 0. Let a x , . . ., a^_! be distinct numbers of F q and define ƒ(*)> SOO b y means of
The remaining theorems in this section are stated without proof. \A t \=m i9 |2?,|-*, (0 < i < k).
We shall say that two admissible polynomials are equivalent if they are admissible for the same correspondence. Thus the set of all admissible polynomials (for a fixed F q ) breaks up into a number of equivalence classes. 
The number of correspondences defined by (6.6) and (6.7) is Another special rank 1 case that can be handled readily is (6.13)
The characteristic polynomial is (6.14)
f(x,y) -*«"* + .y*" 1 -x^!^" 1 .
The admissible polynomials are given by Another admissible polynomial is
Another special case of rank 2 of some interest is (6.22
where a runs through the squares (=^0) and b the nonsquares of F q . We find that the characteristic polynomial for (6.22) is
. Since is admissible for (6.22 
y)-f(x)-g(y). In particular, for the identity correspondence, that is (6.27)
A t -B, (1< i < q), the polynomial x -y is evidently admissible, so that will be said to characterize a correspondence type of rank /c. In order to enumerate correspondences and correspondence types, it is convenient to consider a somewhat more general problem. Let A, B be finite sets, \A\ = m, \B\ = n. Consider the partitions: e tj is the number of pairs (A s , B t ) such that \A S \ = i, |2?,| = j. Let iV(m, w, /c) denote the number of sets A i9 Bj satisfying (7.6) and (7.8); let T(m, n, k) denote the number of solutions of the system (7.8). Then in each case the summation is over all solutions of (7.8). Put
2^ IS ^ra, n, K)
It then follows from (7.10) that it follows from (7.12) that
Comparison of (7.13) with (7.11) gives mini (7.14) N(m 9 n 9 k)^k\^ 2 As for 7\m, «, fc), it follows from (7.8) that Then by (7.16),
("!)( n j)s(i,k)S(j 9 k).
(7.19) G{x,y, z) = (1 -x)-'(l -^-^'(x, ƒ, z).
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We find that Thus, for example, the number of admissible polynomials of rank 1 is equal to S/^-X^ -l) q ~i j in agreement with earlier results.
Composition (this topic is not discussed in [2], [3]). Let the correspondence T be defined by the partitions (8.1)
A 09 A v ... 9 
Clearly the correspondences T l9 T 2 , T 0 are of rank r 9 s 9 /, respectively. We shall write (8.6) r-i^ur* r 0 = r,nr 2 .
Denote the characteristic polynomials of T 9 T l9 T 29 T 0 by f(x 9 y) 9 
i-i
From the above it is clear that with each correspondence V of rank k is associated a set of 2 k correspondences that form a Boolean algebra with respect to the operations u, n ; T is the unit element of the algebra and the zero correspondence is the zero element of the algebra. The characteristic polynomials of the correspondences are related by (8.7).
It should, of course, be kept in mind that we have not defined rj u T 2 , T x n T 2 for an arbitrary pair of correspondences.
More general correspondences.
In the remainder of the paper we shall briefly discuss the more general varieties of correspondence defined in the Introduction. Except for the enumerations in §14, we shall limit the discussion to correspondences of type (1, 1, 1) and (m 9 n).
To begin with, it is convenient to state several preliminary lemmas. Let F q denote the direct product of r copies of F q and let (9.1) a = (a l9 a 2 , . . . , a r ) denote an arbitrary point of F q .
LEMMA 9.1 [9, p. 124]. Given the numbers c(a) = c(a v a 2 , . . ., a r ) G Fthere exists a polynomial f(x) = f(x v x 29 . . . , x r ) G F [x x , x 2 , . . . , x r ] such that f(x 9 y 9 z) = (h{x 9 y 9 z)) q~ is the characteristic polynomial for T. 9 y, z) never vanishes, then g(x 9 y 9 z)h(x 9 y 9 z) is also admissible for T.
If h(x, y 9 z) is admissible for T and g(x
3. If h(x, y 9 z) is admissible for T and <t> x (x) 9 <t> 2 (y), <h( z ) are permutation polynomials such that each A t is carried into itself by $ x (x\ each B t is carried into itself by <j> 2 (y) and each C, is carried into itself by <£ 3 (z), then h x (x,y 9 z) = *(*i(x),$ 2 O0,$ 3 (z)) is also admissible for T.
4. If /z(x, y 9 z) is admissible for Y and <f>(*) is a polynomial that vanishes only for x = 0, then ^(x, y 9 z) = <t>(h(x 9 y 9 z)) is also admissible for T. In particular, the polynomials h t {x 9 y, z) = (h(x 9 y 9 z))' (* = 1, 2, 3, . . . )
are all admissible. A useful form for the chracteristic polynomial of a correspondence is given by the following theorem. 9 i -0, 1, . . ., k, are any polynomials satisfying (9.12) and deg ^(x) > 0, deg <k(>>) > 0, deg w,(z) > 0 (1 < i < k) 9 then the partitions defined by (9.12) and (9.8) g/ue a correspondence with the characteristic polynomial (9.13).
Conversely if<j> t (x), ^(y), co t (z)
In the next place, consider the partitions (9.14) 
The polynomial /(x, y) is the characteristic polynomial of the (m, n) correspondence defined by (9.14) . The definition of admissible polynomial need not be restated.
For is the characteristic polynomial of the correspondence defined by (9.14).
Composition of correspondences as defined in §8 is easily carried over to more general correspondences. However we shall not take the space to discuss this topic. (vi) The polynomial
is characteristic for the identity correspondence defined by A t = B t = C, = {^} (1 < i < q) 9 where F q = a ls tf 2 > . . . , a q . e , e = q 3 -2\A i \-\B i \-\C i \.
1-1
Two admissible pairs of polynomials are equivalent if they are admissible for the same correspondence. For # > 2, the polynomial h(x,y, z) = ax*" 1 + py q~x + yz*"" 1 , where a + j8 + y = 0, afiy =£ 0, is admissible.
The last few examples suggest that it would be of interest to determine those (1, 1, 1) correspondences that have admissible polynomials of the form 
